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Let R be a commutative domain, F be the field of fractions of R.
Ac R™™ ceR" n<m A = (A c)=(aj) and,

Ax = c¢

be a system of linear equations over R
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Xi = (51(:m+1 - ij:n—l-l )953)(5’7)_11 i=1...n,

where x;,j = n+1,..., m, are the free variables, and the
determinant §” # 0.
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We denote by 6%, k = 1,..., n the left upper corner minor of matrix
A of order k, and by 5}} the corner minor of matrix A where
columns i and j have been interchanged. We assume that all corner
minors 6%, k = 1,..., n are different from 0.
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Dodgson’s Algorithm

@ Dodgson’s Algorithm
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Dodgson’s Algorithm

The determinant identity

a b b ¢
a b c d e e f
d e f|= e !
g h k d e e f
g h h k
or in the more general form
ak+1 _ 2’:—1,'—1 aq; ak—1 -1
aij - 5k ! ékd (ai—l,j—l)
ij—1 if
where
§k+1 _ |A/— ,i:(rows) ’

...J:(columns)
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Method of Forward and Backward Direction
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Method of Forward and Backward Direction

k k _k k k(. k— —
= (akkaij - aikakj)(ak—i,kfl) L

k=2,...,n—=1, i=k+1,....,n, j=k+1,....m,

k+1 | 1,....k,i:(rows) ’
Gy = 1,...,k,j:(columns)
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Method of Forward and Backward Direction

1 1 1 1 1
911 912 1 n—1 a%,n A n A m+1
0 a3, A -1 A.n 9 n+1 A m+1
n—1 n—1 n—1 n—1
0 0 an—l,n—l an—l,n an—l,n+1 an—l,m+1
n n n
0 0 0 an,n an,n+1 an,m+1
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Method of Forward and Backward Direction

af #0,k=1,...,n—1

5,’] 55 is the corner minor of order k of the matrix A after column |
has been interchanged with column j. The determinant identity of
the backward direction algorithm is:

n
n __ n i § : i <n iyv-1 - _ f_
5’./ = (anna,-j— a,-k(skj)(a,-,-) , I = n—l,...l, J = n+1,...,m.
k=it+1
n n n
an,n 0 T 0 0 1,n e 51,m+1
n n n
0 ann - 0 0 52,n+1 U 52,m—&—1
n n n
0 0 O R i g
n n n
0 0 0 n.n n,n+1 e n,m+1
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Method of Forward and Backward Direction

311 -1 4
1 20 1 4 -
012 0 -2
100 2 -1
3 1 1 -1 4 31 1 -1 4
0 5 -1 4 8 0 5 -1 4 8
— — —
0 3 6 0 -6 0 0 11 -4 -18
0 -1 -1 7 -7 0 0 -2 13 -9
31 1 -1 4 31 1 -1 4
05 -1 4 8 0 5 -1 4 8
— — —
0 0 11 -4 -18 0 0 2r 0 —54
00 0 21 =27 0 0 0 21 =27
31 1 -1 4 2r 0 0 0 27
0 27 0 0 54 0 27 0 0 54
— —
0 0 27 0 -H4 0 0 27 0 =54
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Method of Forward and Backward Direction

The number of operations, necessary for the procedure of forward
and backward direction, is

N™ = (9n?m — 5n® — 3nm — 3n?> — 6m + 8n)/6,

N9 = (3n°m — n® — 3nm — 6n° 4 13n — 6)/6

N2 = (6n*m — 4n3 — 6nm 4 3n° + n) /6.
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The One-pass Method
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The One-pass Method

k+1 k P
5kJ+rl,j = A1k +10%k — Z Ak+1,p0p,0 = k+1...m,

p=1
k1 _ (shtl k1
Gt = (0T 1015 — Ok 8T a1) /O ks

kzl,...,n—l, i=1,....k, j=k+2,...,m

k k k
A,k 0 e 0 Ght1 7 OLman
0 alli,k e 0 5§,k+1 T 5§,m+1
k k k
0 0 o Ak k 5k,k+1 T 5k,m+1
Ak4+1,1  Ak+12 0 k41,k  Ak+1,k+1 0 dk4+1,m+1
an,1 an,2 te an k an,k+1 e an,m+1
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The One-pass Method

311 -1 4
120 1 4
012 0 2|7
100 2 -1
31 1 -1 4 50 2 -3 4
o5 -1 4 8| |05 -1 4 8 |_
01 2 0 -2 01 2 0 -2
10 0 2 -1 10 0 2 -1
50 2 -3 4 11 0 0 -5 16
o5 -1 4 & | |0 1o 8 14 |_
00 11 -4 —18 0 0 11 —4 —18
10 0 2 -1 1 0 0 2 -1
11 0 0 -5 16 270 0 0 27
oo 8 14| [0 270 0 54

0 0 11 -4 -18 0 0 27 0 -H4
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The One-pass Method

N™ = (9n°m — 60> — 3nm — 6m + 6n)/6,
N? = (3n°m —2n3 — 3nm — 6m + 2n + 12)/6
N2 = (6n?m — 4n3 — 6nm + 3n° + n) /6.

Number of Operations
Method | Multiplications Divisions Add./Substr.
FB (4n3+3n°—n—6) (2n3—6n°+10n—6) (2n3+3n°—5n)
(n3+2ng—n—2) (n3—$n+6) (2n3+36n2—5n)
op 2 6 6
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The Recursive Method

@ The Recursive Method

Alkiviadis G. Akritas, Gennadi |I. Malaschon Computations in Modules over Commutative Domains



The Recursive Method

P P p
i1kl r1kt2 T T4l

2 2 P
ArP) _ 12 k+1  Ar2k+2 r42,c
k,c - . . . ’
p p p
9 k11 k+2 T e
P P P
5r+1,k+1 5r+1,k+2 5r+1,c
P P P
GrJ’(p) . 5r+2,k+1 5r+2,k+2 5r+2,c
k,c - . . . ’
P P P
5/7k+1 5/7k+2 o 5l,c

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



The Recursive Method

G,f:'c’(”),A;”’C’(p) cRU=NX(c=K o< k<n k<c<n0<r<m,
r<l<m, 1<p<n.

We describe one recursive step reducing the matrix A = A,
to the diagonal form

k,l,(k+1)

A - (5II/—k7 C)

where

A— AZ’Ic’(kJrl)a G = G/ 1,(1)
0<k<c<m k<l!<n, |<c. Notethatif k=0, /=nand
¢ = m, then we obtain the solution of the original system.
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The Recursive Method

Description of One Step of the Recursive Method
- (Al 8l G} sy GI
A=) (T ) (T &)

Tk G Gy (Sl 00 Gy
3 G2// 4 0 6’/[75 622// N
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The Recursive Method

ssk<s<IA

- Al
A= ()

where Al = AZ’i’(kH) is the upper part of the matrix A consisting

of s — k rows and A2 = Ai’lc’(kﬂ) is the lower part of the matrix A .
Al — (6°1_x, G3), (1

where Al € R(s—K)x(c—k), Gy = Gslf’cs’(s).
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The Recursive Method

Let A2 = (A2, A3) where A3 = A7"(<FD) and A2 = AZe(HD)
consisting of s — k and ¢ — s columns respectively, 5 # 0. The
matrix A3 = AEZIC’(SH)
identity

is computed with the help of the matrix

A3 = (6" A3 AT G)(6") . (1)

A2 — (0'l_s, G2)), (11
where /2\% € RU=9)%(c=9) and G2, = 63",

I,c
Let G = (GJ, GJ.), where the blocks G}, = :’,5’(5) and
G21” _ k,s,(s)

I,c
55 0.

contain / — s and ¢ — | columns respectively, and
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The Recursive Method

The matrix @21,, = G,kf’(/) is computed with the help of the matrix
identity

Gzl// - (6l . G21// - G21/ . 622//)(55)_1. (/V)

In the result we obtain ¢/ and

o Gll/
6= < &2, >
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The Recursive Method

Example:
3
1
0
1
X1 4
X2 B 4
X3 o -2
X4 -1

O~ N =

ON O =

Al — Agg(l) N (52/2’ 6252(2))

N O =

Gy = (3:1,1,-1,4) (i)
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The Recursive Method

=3(2,0,1,4) — (1)(1,1,-1,4) = (5,-1,4,8), 8°=1. (i)

AR® = (92h, G®) = (5-1,4,8) (iif)
51 G§51(2) — 52 Gg;-(l) _ G:?zl(l) G21§(2) —

=5(1,-1,4) — (1)(-1,4,8) = (6,—9,12) (iv)
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The Recursive Method

GZOF:)l(z) = (25 *37 4)

5 022, (50 2 -3 4
(0% Gas )_(0 5 -1 4 8

A3 = A (11)
§0 A;g@) _ 52 A;g(l) _ Ag;(l)cgs&)

s (20 -2\ (01 2 -3 4\
- 02 -1 10)\-1 4 8)°
/11 -4 -18
-2 13 -9

0 _ 1. 2243) _ 11 —4 -18
0"=1; Agx _<—2 13 -9
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The Recursive Method

A2 (5%, G (1)
AR — (83h, 65P) = (11, -4,-18) (i)
§2A300) _ 53 p3808) _ p346) 6236) _
= 11(13, -9) — (—2)(—4, —18) = (135, —135)

AW = (27, -27) (if)
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The Recursive Method

ARG (5%, 62®) = (21,-27) (iif)

53 Gfg’(‘l) — 54 6‘553(3) _ ng“) Gfé(‘l) —

=27(—18) — (—4)(=27) = —594, G2®) = (—54) (iv)

4 244y (27 0; 54
(0% Cus _< 0 27, —27

Gl = G (V)
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The Recursive Method

52 G£§(4) — (54 Gz?&'?(z) _ G2042(2) Gfé(‘l) —

a(3)(2 ) () (3)

27

4 _ 04(4) _ 54
0" =27; Gy 54
—27
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The Recursive Method

Example: Description of the First Step

311 -1 4
120 1 4
A=l o012 0 2|2
100 2 -1
50 2 -3 4 50 2 -3 4
05 -1 4 8 05 -1 4 8
—92 —3
01 2 0 -2 00 11 -4 —18
10 0 2 -1 00 -2 13 -9
2 -3 4 27 0 0 0 27
1 4 8 0 27 0 0 54

—4

0 0 27 0 -54
0 21 =27 0 0 0 27 =27

O O O U
o O o1 O
N
\‘

()
|
(€3]
>
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The Recursive Method

Complexity of the Recursive Method is O(mn”~1).
We can obtain an exact estimate. For n =2V m = n+1 and
[ = log, 7 the number of multiplication operations is

17—5nIog27 + n*(logy n — %) + n(2logy n+ é)
For n = 2N, 3 = 3 the number of multiplications and divisions is
N™ = (6n°m — 4n + (6nm — 3n?) log, n — 6nm + 4n) /6,

N9 = ((6nm — 3n?)log, n — 6nm — n? + 6m + 3n — 2) /6.

The number of multiplication operations for m=n+1is
(1/3)n® + O(n?). The estimations for the previous two methods
are, respectively, n®> + O(n?) and (2/3)n3 + O(n?).
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oint Matrix

Alkiviadis G. Akritas, Gennadi |I. Malaschon Computations in Modules over Commutative Domains



The best method for computing the matrix determinant and adjoint
matrix in the arbitrary commutative ring was suggested in the
papers by Kaltofen [9] and Kaltofen and Villard [10]. Its complexity
is O(n%+1/3log nloglog n).

Let.Az(A

5 D > be an invertible matrix and A an invertible
block.
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Then

”1:(5 A/_1C>(cl> (D_Bf\lc)1><_'3 ?><Agl

In case n = 2P it will take 2P~ inversions of 2 x 2 blocks and 2P~k
multiplications of 2% x 2% blocks.
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Let R be a commutative ring, and let A = (a;;) be a square matrix
of order n over the ring R.

A = (a2,)5 and GO = (5) =5

I’J .j:$7"'7t J yeens
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Let A be a square block matrix of order n over the ring R; that is,

A C
(5 5)

where A is a square block of order s, (1 < s < n), the determinant of
which, s, is neither zero nor a zero divider in R. Then, the adjoint
matrix A* can be written as the product

e (571 =5 FCN (10 I 0 F 0
B 0 / 0 G —B 6l 0o [/ ’
(*)
where F = A*, G = 6;”+5+1A§,5+1)*, | is the identity matrix and we have

the identity
AGH) — 5.D — BFC.
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Let AS,SH) be a square block matrix of order n —s, (s >0, n— s > 2),

over the ring R; that is,

A C
(s+1) _
A (B D>’

where A is a square block of order t — s, (1 < s < t < n), and s and ¢,

are neither zero nor zero dividers in R. Then, the matrix 57 ntstl g(s+H1)
can be written as the product

6; 20,1 —6;'FC I 0 I 0 F O (+5)
0 I 0 4.'G -B 4./ 0o 1)

where F = 5;”5*1A(ts+1)*, G= 5t_"+t+1AE,t+1)*, | is the identity matrix
and we have the identity

Al — 5-1(5,D — BFC).
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s+1 s+1

+1)* a —4a,_
Remark 1: If n = s + 2, then, ATV — _a's"fr’l sh bn
n,n—1 n—1,n—1

And if n=s-+1, then AE,SH)* =1.

Remark 2: In the factorization (x) J, can be found from
Sylvester’s identity 6, = 55_"+5+1det¢4£,5+1). And if n = s+ 2, then
0n = detG. In an analogous way we can find 0; and ¢, in the
factorization (xx) :
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Dichotomic process

The dimensions of the upper left block A (of the initial square
block matrix .A) may be chosen arbitrarily. The case will be
examined when the dimensions of block A are powers of two.

Let n be the order of the matrix A, 2/ < n < 2h*1 and assume
that all minors do;, i = 1,2, ... are not zero or zero dividers of the
ring R. According to Theorems 1 and 2 we are going to sequentially
compute adjoint matrices for the upper left blocks of order
2,4,8,16,... of matrix A.
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Dichotomic process

1. For the block of order 2 we have:
A%,2 = (ai))ij=12, 62 = det A%727

a —a
A2 — 2,2 12 )
—ax1 a1l

2. For the block of order 4 we have:

A 651641 —6,1FC I 0 I 0 F 0
44 = 0 I 0 G —B 8l 0o /)

3,4
F=A§T2, B = (au)Jl 1,2
C = (a1)i=53 D = (a))ij=3.a4, AL = 62D — BFC = (a)); j=34,

G =614 5, = det G.

Alkiviadis G. Akritas, Gennadi |I. Malaschonok Computations in Modules over Commutative Domains



Dichotomic process

3. For the block of order 8 we have:

o 6, sl 0,1 FC I 0 I 0 F 0
88— I 0 G —B 841 0 1)’

0
=5,...,
F= Al B=(a;)=35
i=1,...,4
C= (afd)_;':5,. 87
D = (ai)ij=s,..8
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c- d5 10g  —d5 'FC I 0 I 0 F O
0 I 0 6,'G -B ! 0 /)

AP = 6,D — BFC = (%)) 5.,

F=0,3A0"

06 = detF, B = (a?))=¢ 7,

C=(a})i=7e,

D = (a};)ij=78, A" = 6,(36D — BFC) = (af,)ij=78:
G =55 A",

0g = det G.
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Dichotomic process

Example:

w = o
|
w
=
[
N
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Dichotomic process

1. For the second order block we have:

0.2 0 2 02+ -3 -2
AO’2:<1 _3> a? = det AJ2 = —2, AY :(_1 . )
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Dichotomic process

2. For the fourth order block we have:

o2 o [ 30 (=2 2 /=30
F_A0,2’B_<—1 3)’6_(1 —2>’D_<—1 1)’
3
3

AYZ* = a®D—BFC = ( *06 g ) G = ()AL = ( Bl ) ’
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Dichotomic process

-3 0 2 -1 10 0 0
[ 0o 31 -1 01 0 0
| 0o 0o 1 0 00 -13

0 0 0 1 00 0 3

1 0 0 0 -3 2.0 0
o1 0 0 -1 0 00

-3 0 -2 0 0 0 10
1 -3 0 -2 0 0 01
-9 —12 4 —6

| -6 -6 2 0
| -9 —12 2 —6
0 —6 0 —6
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Dichotomic process

Complexity Estimation

Let vn? + o(n®) be an asymptotic estimation of the number of
operations for multiplying two matrices of order n. Then the
complexity of computing the adjoint matrix of order n = 2P is

(n/2)7

1—
F(n) = 6yn° T + o(n?)
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In the case of an arbitrary commutative ring, the best algorithms
for computing the characteristic polynomial are Chistov's algorithm
[6] and the improved Berkowitz algorithm [3]. The complexity of
these methods is O(n”*!log n). We present the best method to
date — for computations in commutative domains — which has
complexity O(n?).

Let A= (ajj) be an n x n matrix over the ring R. If all the diagonal
minors dx (k =1,...,n— 1) of matrix A are not zero, then the
following identity holds
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where A, is an upper triangular matrix and L is a lower triangular
matrix with determinant different from zero, such that

[ = D;_12|~.,,,1 cee D;liztl

L, = diag(/lk—1, Zk) D, = diag(/k, Dx), where Iy is the identity
matrix of order k, Dy = 61—y,

(0 O 5 1 0
L = < Vie lh—k >7Lk N < Vi Okln—k )
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Vg = (a,’jﬂ’k, e a,’j’k)T, A= (a,(;)) is an n X n matrix, and
a,(-g.) = afJ, for i <, a,(-g.) =0, fori > j.

The proof is based on Sylvester’s identity

k—1 k+1 _ _k _k k ok
A 1,k—19; T Ukdij — Ak,
The factorization of matrix A into upper and lower triangular
matrices is the result of the forward direction part — of the forward
and backward direction algorithm.
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Let Af,k) = (a,(.j.)) be an n x n matrix, k =1,...,n, with a(k.) = af,j
for i <j <k, a,(- ) = a,,J, i >k, j > k, and the remaining elements

zero. Then A, = LA reduces to the identities

AP =LA AN =D L LAY, k=2, 01,
which subsequently enable the computation of matrices Af,k),
k=2,3,...,n, such that all the elements of the matrices Dy and

(k).

Ly are elements of the matrix A},
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The requirement that the diagonal minors 0y (k=1,2,...,n—1)
be different from zero may be weakened. If a diagonal minor §; of
order k is equal to zero, and in column vy there is a nonzero
element a¥,, then rows i and k must be interchanged; that is,
multiply on the left the matrix of interchanges

Py = P(,-7k) =1, + Eix + Ex; — Exx — Ej;, where E; denotes a
matrix in which all elements are zero except element (i, k), which is
equal to one.
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And if 5, = 0 and v, = 0, then necessarily P, = Ly=Dx_1=1,
D, =Dy_;.
The factorization formula remains as before, only now

Ek = diag(/k_l, Zk)Pk.
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Note the following identities, which will be subsequently needed:
Lyly =Dy, LL=T,

where
L=LiLy Ly 1,

Ly = P;ldiag(lk_l, Ly), T is a diagonal matrix defined by,

T = 515, where §; = diag(1, S), and S, = diag(S, 1), with

S= diag(él, 52, N ,(5,,,1).

To indicate the matrix A from which a given triangular or diagonal
matrix was computed, we write L = L(A), T = T(A).
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Computation of similar p-trianular matrix

Let A= 2 b be a matrix over R with blocks a of order p x p

d
and d of order n x n. We will call matrix A upper p-triangular, if
the block (c,d) looks like an upper triangular matrix.
We will denote with calligraphic letters block-diagonal matrices of
order (n+ p) x (n+ p) of the type diag(/,, G) = G, where G is a
p X p matrix.
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Computation of similar p-trianular matrix

Let G be some p x p matrix and let L = L((c,d)G), and
T = T(((c,d)G)). If we take now G = L, £ = diag(/,, L),
L = diag(/p, L), then the matrix

A, = LAL
will become an upper p-triangular matrix, and matrix T~1A, will
be similar to A.
The cofactors L and L of the matrix can be computed sequentially.
Since ((c,d)G) = (c,dL) and the first p of the columns of the
matrix (c,dL) constitute block c and are independent from L, then
using them we can compute sequentially the first p cofactors of the
matrix L : Ly, D1, Lo, ... ,Dp_1, L From these we can write the
first p cofactors of matrix L , can compute p columns of the matrix
dL and after that the following p cofactors of matrix L, etc. For
p = 1 we obtain a quasi-triangular matrix, that is a matrix with
zero elements under the second diagonal, which is obtained by the
elements a2 1,a32,...,ann-1.
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Computation of similar p-trianular matrix

Let us denote by Ay (1 < k < n) the corner minors of order k of
the quasi-triangular matrix A = (a;j),a;j =0for i>2,j <i—1,
and assume Ag = 1. Then its determinant can be computed as

shown
n—1 n—1
det (Ap) = appdet (Ap—1) + Z aj pdet (A;j_1) H (—ajj-1)
i=1 j=it+1

The complexity of this method is 3n® 4+ O(n?) — multiplicative
operations.
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Computation of similar p-trianular matrix

Example.
02011
21 1 0 2

Let A= 0 3100 , then we obtain:
1 0010
21 0 0 2
1 0 0 0O 1 0 00O
0 1 00O 02000

Lr=l0 0 200]|,4=|l0010 0],

0 -1 0 2 0 01 010
0 -2 0 0 2 02001
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Computation of similar p-trianular matrix

0 7 0 1 1
2 6 1 0 2
A® =FiAc;=|0 12 2 0 0o |,
0 -4 -1 2 -2
0 0 20 O
100 0 O 10 0 00
010 0 0 01 0 00
Lr=] 0010 01|, £Lo=l00 12 0 0 |,
00 4 12 0 00 -4 10
000 0 12 00 0 01
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Computation of similar p-trianular matrix

07 -4 1 1
2 6 12 0 2
AG) = diag™1(1,1,1,2,2) AP L, = | 0 12 24 0 0 |,
0 0 —-72 12 —12
0 0 —144 0 O
100 0 O 100 0 O
010 0 0 010 0 0
L3=] 001 0 0 |,L3=l001 0 o[,
000 1 0 000 -72 0
00 0 144 —T72 000 —144 1
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Computation of similar p-trianular matrix

A®) = diag™1(1,1,1,1,12) £, AP £,

0 7 -4 =216 1
2 6 12 288 2
=| 0 12 24 0 0
0 0 —-72 864 12
0 O 0 10368 —144

The 1-triangular matrix A®) is similar to

diag(1,2,24,—864, —72)A. The characteristic polynomial of the

matnx A and the matrix diag(1, 3, %, ge5- 73 )A®) is equal to

—x5 4+ x* 4 3x3 — 22x2 + 6x + 12.
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Yacts IV

Conclusion
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For computations over commutative domains we have the following
results:

o The complexity of the O(n3) methods (FB) and (OP) for
solving systems of linear equations of size n x m is

Mrgy = (1/2)(4n*m — 2n* — 2nm — 3n* — 2m + 7n — 2),

Mopy = (1/6)(12n°m — 80> — 6nm — 9n* — 12m + 8n + 12).

Suppose that the complexity of the given method for matrix
multiplications is ynﬁ + o(nﬁ), where v and 3 are constants,
and n is the order of the matrix. Then, the complexity of the
recursive methods for solving systems of size n x m is

B 1—n2B8 1_p1-8
n m n n
S(n,m)QO—B[(ll —2)1_227[3—1_217& +o

—~ (n°~1m).
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@ The complexity of the method for the computation of the
determinant of a matrix of order nis S(n, n). The complexity
of the method for the computation of the kernel of a linear
operator is S(n, m).

@ The complexity of the method for the computation and the
factorization of the adjoint matrix is

1—(n/2)'"F
_ B 5
F(n) =67vyn 23 o + o(n”)
e Finally, the complexity of the best method we know today for
the computation of the characteristic polynomial of a matrix of
order nis 3n® + O(n?).
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