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BASICS OF THE DENSITY MATRIX

Pure state

|Ψ〉 = c1 |φ1〉+ c2 |φ2〉+ · · ·

〈
Â

〉
=

〈
Ψ

∣∣∣Â∣∣∣ Ψ
〉

=
∑

a

a |〈a| Ψ〉|2

=
∑

a

a 〈a |Ψ 〉〈Ψ|a〉

Mixed state

ρ̂ =
∑

i wi |Ψi〉 〈Ψi |

〈
Â

〉
=

∑
i

wi

〈
Ψi

∣∣∣Â∣∣∣ Ψi

〉
=

∑
a

a 〈a|
∑

i

wi |Ψi〉 〈Ψi |︸ ︷︷ ︸
ρ̂

|a〉

= Tr
(
ρ̂ Â

)
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ONE-PARTICLE REDUCED DENSITY MATRIX

Many-particle density matrix

ρ(r1, r2, ..rN |r ′1, r ′2, ..r ′N) =
∑

i

wi Ψi(r1, r2, . . . rN) Ψ∗
i (r

′
1, r

′
2, . . . r

′
N)

One-particle density matrix (“1-matrix”)

ρ1(x |x ′) = N
∫

dr2 . . .drN ρ(x , r2, . . . rN |x ′, r2, . . . rN)

ρ1(x |x ′) = Tr
(
ρ̂ ψ̂†(x ′)ψ̂(x)︸ ︷︷ ︸

density operator ρ̂1

)
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ELECTRONIC HAMILTONIAN

N electrons in an external potential v(r)

Ĥ =
N∑

i=1

p2
i

2m
+

N∑
i=1

v(ri) +

i 6=j∑
i,j

e2∣∣ri − rj
∣∣

= T̂ + V̂ + Û

E = Tr
(
ρ̂ Ĥ

)
The energy is a linear functional of the full density matrix ρ̂
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ENERGY FUNCTIONAL

Functional of the density (DFT)

E [n] = Ts[n]+

∫
dr v(r)n(r)+

e2

2

∫ ∫
dr dr ′

n(r)n(r ′)
|r − r ′|

+ Exc[n]

Functional of the 1-matrix

E [ρ1] = T [ρ1] +

∫
dr v(r)n(r) +

e2

2

∫ ∫
dr dr ′

n(r)n(r ′)
|r − r ′|

+ Ẽxc[ρ1]

density = n(r) = ρ1(r , r)
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KINETIC ENERGY

T̂ =

∫
dr ψ̂†(r)

p2

2m
ψ̂(r)︸ ︷︷ ︸

kinetic energy density

〈
Ψ

∣∣∣T̂ ∣∣∣ Ψ
〉

=

∫
dr

〈
Ψ

∣∣∣∣ψ̂†(r)
p2

2m
ψ̂(r)

∣∣∣∣ Ψ

〉
=

∫ ∫
dr dr ′δ(r − r ′)

〈
Ψ

∣∣∣∣ψ̂†(r ′)
p2

2m
ψ̂(r)

∣∣∣∣ Ψ

〉
=

∫ ∫
dr dr ′δ(r − r ′)

(
− 1

2m
∇2

r

) 〈
Ψ

∣∣∣ψ̂†(r ′)ψ̂(r)
∣∣∣ Ψ

〉
︸ ︷︷ ︸

ρ1(r , r ′)
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INTERACTION ENERGY

Û =
e2

2

∫ ∫
dr dr ′

n̂(r)n̂(r ′)∣∣ri − rj
∣∣

=
1
2

∫ ∫
dr dr ′ψ̂†(r)ψ̂(r)

e2∣∣ri − rj
∣∣ ψ̂†(r ′)ψ̂(r ′)

〈
Ψ

∣∣∣Û∣∣∣ Ψ
〉

=
e2

2

∫ ∫
dr dr ′

1∣∣ri − rj
∣∣ 〈

Ψ
∣∣∣ψ̂†(r)ψ̂†(r ′)ψ̂(r ′)ψ̂(r)

∣∣∣ Ψ
〉

︸ ︷︷ ︸
ρ2(r , r ′|r , r ′)
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NATURAL ORBITALS

Natural orbitals are eigenstates of the 1-matrix∫
dr ′ ρ1(r , r ′) χi(r ′) = ni χi(r)

Diagonal representation of the 1-matrix

ρ1(r , r ′) =
∑

i

ni χi(r) χ∗i (r
′)

ni = Occupation number of χi

0 ≤ ni ≤ 1



Background Examples Theory of effective systems

EXAMPLE I: HOMOGENEOUS ELECTRON GAS
MOMENTUM DISTRIBUTION 1

ρ1(r , r ′) =
∫

dk n(k)χk (r)χ∗k (r ′)

χk (r) = 1√
V

eikr ⇒ E = E [n(k)], V
N = 4π

3 (rsa0)
3

1P. Gori-Giorgi and P. Ziesche, PRB 66, 235116 (2002)
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EXAMPLE I: HOMOGENEOUS ELECTRON GAS
MOMENTUM DISTRIBUTION 2

ρ1(r , r ′) =
∫

dk n(k)χk (r)χ∗k (r ′)

χk (r) = 1√
V

eikr ⇒ E = E [n(k)], V
N = 4π

3 (rsa0)
3

2P. Gori-Giorgi and P. Ziesche, PRB 66, 235116 (2002)
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MÜLLER ENERGY FUNCTIONAL 3

E [ρ1] ⇐⇒ E [nk , χk ]

E =
∑

i

ni

∫
drφ∗i (r)

(
p2

2m
+ v(r)

)
φi(r) ← kinetic and external

+
∑
i,j

ninj

∫ ∫
dr dr ′

φ∗i (r)φ
∗
j (r

′)φi(r)φj(r ′)

|r − r ′|
← Hartree

+
∑
i,j

F (ni ,nj)

∫ ∫
dr dr ′

φ∗i (r)φ
∗
j (r

′)φj(r)φi(r ′)

|r − r ′|
← “exchange-like”

3A.M.K. Müller, Phys. Lett. 105A, 446 (1984)
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MÜLLER ENERGY FUNCTIONAL

The 2-matrix must satisfy the “sum” rule∫
dx2 ρ2(x1, x2; x ′

1, x2) = (N − 1)ρ1(x1, x ′
1)

HF approx
ρ2(x1, x2; x ′

1, x
′
2) = ρ1(x1, x ′

1) ρ1(x2, x ′
2)− ρ1(x1, x ′

2) ρ1(x2, x ′
1)

Müller approx replaces ρ̂1 ⊗ ρ̂1 −→ (ρ̂1)
α ⊗ (ρ̂1)

1−α

HF F = ninj

Müller F =
√ninj

BBC∗ F =

{
−√ninj if i , j > threshold√ninj otherwise

∗M.A. Buijse and E.J. Baerends, Mol. Phys. 100, 401 (2002)
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MOMENTUM DISTRIBUTION OF THE HEG
MÜLLER APPROXIMATION4

E [n(k)] = 2
∑

k1
n(k1)

k2
1
2 −

1
V

∑
k1,k2

F (n(k1),n(k2))
4π

|k1−k2|2

4Lathiotakis, et. al, cond-mat/0605531 (2006)
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DEFINITION OF CORRELATION ENERGY

Ecorr = E − EHF

Hartree-Fock 1-matrix is pure: ρ̂1ρ̂1 = ρ̂1

Ψ =

∣∣∣∣∣∣∣∣∣
φ1(r1) φ1(r2) . . .
φ2(r1) φ2(r2) . . .

...
φN(r1) . . .

∣∣∣∣∣∣∣∣∣ +
∑

configs

Cij...z

∣∣∣∣∣∣∣∣∣
φi(r1) φi(r2) . . .
φj(r1) φj(r2) . . .

...
φz(r1) . . . · · ·

∣∣∣∣∣∣∣∣∣
Exact 1-matrix is not pure: ρ̂1ρ̂1 6= ρ̂1
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CORRELATION ENERGY OF THE HEG

Figure: Correlation energy of the homogeneous electron gas5

5Lathiotakis, et. al, cond-mat/0605531 (2006)
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EXAMPLE II: BERYLLIUM ATOM6

Figure: Electronic calculations of the Beryllium atom. GU is
Goedecker-Umrigar.

6adapted from V. N. Staroverov and G. E. Scuseria, J. Chem. Phys. 117,
2489 (2002); S. Goedecker and C.J. Umrigar, PRL 81, 866 (1998)
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EXAMPLE III: HYDROGEN FLUORIDE

Figure: Energy versus internuclear separation 7

7V. N. Staroverov and G. E. Scuseria, J. Chem. Phys. 117, 2489 (2002)
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EXTENSION OF THE HOHENBERG-KOHN THEOREM

Density functional theory

• Ev [n] =
∫

dr v(r) n(r) + F [n]

• n(r)↔ v(r)

1-matrix Functional Theory8

• Ev [ρ1] =
∫ ∫

dr dr ′
(

t̂ + v(r , r ′)
)
ρ1(r , r ′) + G[n]

• ρ1(r , r ′)↔ v(r , r ′)

8T.L. Gilbert, PRB 12, 2111 (1975)
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STATIONARY CONDITIONS

Variation with respect to ρ1

E [ρ1] = E [ρ1]− µ
(
Tr(ρ1)− N

)
,

δE
δρ1

= 0

Variation with respect to χi , ni

E [χi ,ni ] = E − µ
( ∑

i

ni − N
)
−

∑
i,j

λij
( 〈
χi |χj

〉
− δij

)
δE
δχi

= 0,
∂E
∂ni

= 0
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KOHN-SHAM SYSTEM
MAPPING TO A NONINTERACTING SYSTEM

Density functional theory

Ĥ −→ĥ = − 1
2m
∇2 + vs[n](r),

n =
∑

i

|φi |2

1-matrix functional theory

Ĥ −→ĥ = − 1
2m
∇2 +

∫
dr ′ vs[ρ1](r , r ′)

ρ1 =
∑

i

ni χiχ
†
i ĥ

∣∣∣
ρ1(gs)

= µ Î
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ENERGY SPECTRUM OF THE KOHN-SHAM SYSTEM
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QUANTUM RESPONSE OF THE KOHN-SHAM SYSTEM

Linear response χ(x , y ; x ′, y ′) = δρ1(x ,y)
δv(x ′,y ′)

We cannot use χ = χs + χs(vc + fxc)χ

Instead we use δh
δρ1

= −χ−1
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SUMMARY

• Two descriptions of a quantum state: pure and mixed

• 1-matrix energy functionals... approximations

• The KS system for 1-matrix theory is very different from the
conventional KS system
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