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Why to use the multibutterfly network?
In contrast to the butterfly network

Advantages of using the multibutterfly network:
m Robust against faults (i.e. congestion, failure).
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m Several paths connecting any input to any output.

B High-bandwidth network.
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Concentrators
Definition 1

Definition 1
A bipartite graph G = (VU W, E) is called an
(a, 3, m, c)-concentrator if

1. |[V|=mand |W| =17,
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Symbol I
Declaration

Declaration of the Symbol ' (Gamma)
Givenagraph G=(V,E)and U C V:

m(v):={u{uv} e E}
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Concentrators
Definition 1

Definition 1
A bipartite graph G = (VU W, E) is called an
(a, B, m, Cc)-concentrator if
1. |[V|=mand |W| =17,
2. the nodes in V have degree at most ¢ and the nodes in W
have degree at most 2 - ¢, and

3. foralUC V,|U <a-|V|:|[(u)]>3-]U]
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Concentrators

Lemma 2: Existence of concentrators

Lemma 2: Existence of concentrators
For

1 148\ — 1
< — . c—pB—1

there exists an («, 3, m, ¢)-concentrator.
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators
For an arbitrary permutation = : A — A let

Er ={(i.j)) e Ax Blx(i) € {j,j + g}}-
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators
For an arbitrary permutation = : A — A let

Er ={(i.j)) e Ax Blx(i) € {j,j + g}}-

Consider R to be a class of bipartite graphs

G=(AUB,E),A=[m|,B= [@}
2
LetR ={G=(AUB,E)|E = E;, U---U E,, for the permutations
Ty .,Te i A— A},
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)

Let G be an arbitratry graph in R.
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
Let G be an arbitratry graph in R.
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
Let G be an arbitratry graph in R.
There exists a («, 3, m, ¢)-concentrator in R if

Prob (G is not a (a, (8, m, c)-concentrator) < 1
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)

Prob (G is not a («a, (8, m, c)-concentrator)
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)

Prob (G is not a («a, (8, m, c)-concentrator)

< Prob(3X C A, |X| <am: [I(X)| < B-|X])
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Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)

Prob (G is not a («a, (8, m, c)-concentrator)

Prob(3X C A, |X| < am: |[(X)| < 8- X))

<
< Prob(3p < am,3IXCAIYCB: | X|=pAN|Y|= |6 -pu] AT(X)CY)
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)

Prob (G is not a («a, (8, m, c)-concentrator)

< Prob(3X C A |X| <am: [[(X)| < g-|X])

< Prob(3p < am,3IXCAIYCB: | X|=pAN|Y|= |6 -pu] AT(X)CY)
La-m]

< D> D Prob(T(X) < Y)

u=1 XCA  YCB
[X|=p |Y|=18-1]
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Concentrators

Estimation of the Term: Prob(I'(X) C Y

Prob(I'(X) CY)
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= Prob(\m(X) € (YU{j+ 5 [j€ V)
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Concentrators

Estimation of the Term: Prob(I'(X) C Y

Prob(I'(X) CY)
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Concentrators
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
Prob (G is not a («a, (3, m, c)-concentrator)
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
Prob (G is not a («a, (3, m, c)-concentrator)

la-m|
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Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
Prob (G is not a («a, (3, m, c)-concentrator)
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Concentrators

Proof of Lemma 2: Existence of concentrators

Estimation of the binomial coefficient
Fork,le N,O</I<k:
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Concentrators

Proof of Lemma 2: Existence of concentrators

Estimation of the binomial coefficient

Fork,le N,O</I<k:
k k-e\’
< -

Proof
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Proof of Lemma 2: Existence of concentrators

Estimation of the binomial coefficient
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Proof of Lemma 2: Existence of concentrators
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Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
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Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
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Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)

Prob (G is not a («a, (3, m, c)-concentrator)
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Concentrators

Proof of Lemma 2: Existence of concentrators

Proof of Lemma 2: Existence of concentrators (continued)
Necessary condition:
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Concentrators

Lemma 2: Existence of concentrators

Lemma 2: Existence of goncentrators
Fora < 2173(45 - @19 =51 there exists a («, 3, m, ¢)-concentrator.
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Concentrators

Lemma 2: Existence of concentrators

Lemma 2 Existence of concentrators
Fora < (45 e'*tP) 5= there exists a (a, 3, m, ¢)-concentrator.

Example
For3=2andc=4anda < 5 there exists a
(523, 2, M, 4)-concentrator.
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Overview

The Multibutterfly Graph

m Splitter
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Splitter

Definition 3

Definition 3

A (o, 8,m,c)-splitter is a bipartite graph

G=(VU(Wyu W), EyU Eq) in which (VU Wy, Ey) and (V U Wi, E;)
represent (a, 3, m, ¢c)-concentrators.
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Splitter
Definition 3

Definition 3

A (o, 8,m,c)-splitter is a bipartite graph

G=(VU(Wyu W), EyU Eq) in which (VU Wy, Ey) and (V U Wi, E;)
represent (a, 3, m, ¢c)-concentrators.

Edges in Eq are called 0-edges, and edges in E; are called 1-edges.
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Splitter

Design of a splitter

v

. . and
splitter

W, W,

are concentrators

Figure: Design of a splitter
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The Multibutterfly Graph

m The Multibutterfly Graph
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The Multibutterfly Graph

Definition 4

Definition 4

The d-dimensional multibutterfly graph (d,a,f,c) has

N= (d+1) 2d nodes and degree at most 4c.
~—— ~~

number of levels Number of inputs/outputs
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The Multibutterfly Graph

Recursive construction

d-dim. MBF
I __ MBN(,aB,0)
1-dim. MBF nputs o O i Level 0
splitter
o o ... ) e o ... Level 1
(d-1)-dim. (d-1)-dim.
MBF MBF
MBN(I, a, B, ¢)
Outputs oo o o ... Level d
0o 1 L 24
MBN(-1, a. B, ¢) MBN(d-1, a, . ¢)

Figure: Recursive construction of a multibutterfly graph
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Overview

Routing on the MBN
m The algorithm
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The algorithm

Preparations (1/2)
m Consider «, 3 and ¢ as constant.
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m Consider «, 3 and ¢ as constant.
B Number of inputs of the MBNis n= 29,
mletl=[,].
m Partitioning the packets into waves A; with destinations j where
mj modL=i
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The algorithm

Preparations (1/2)
m Consider «, 3 and ¢ as constant.
B Number of inputs of the MBNis n= 29,
mletl=[,].
m Partitioning the packets into waves A; with destinations j where
mj modL=i
m The waves Ay, ..., A, consist of approx. | packets.
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The algorithm

Preparations (2/2)
m The routing proceeds in stages consisting of an
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The algorithm

Preparations (2/2)
m The routing proceeds in stages consisting of an

B even phase (sending from even to odd levels), and an
B odd phase (sending from odd to even levels)

B each phase consisting of 2c steps
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The algorithm

Preparations (2/2)
m The routing proceeds in stages consisting of an

B even phase (sending from even to odd levels), and an
B odd phase (sending from odd to even levels)

B each phase consisting of 2c steps

m The edges connecting levels are colored in 2c¢ colors
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The algorithm

Preparations (2/2)
m The routing proceeds in stages consisting of an

B even phase (sending from even to odd levels), and an
B odd phase (sending from odd to even levels)

B each phase consisting of 2c steps

m The edges connecting levels are colored in 2c¢ colors
m so that each node is incident to one edge of each color (matching)
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Routing on the MBN

Unique logical path

output e o o
000 001 010 011 100 101 110 111

Figure: The unique logical path between an input and an output.
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Routing on the MBN

The algorithm

B Input: packets pp, ..., Pn with destinations j
(n=29
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Routing on the MBN

The algorithm
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Routing on the MBN

The algorithm

B Input: packets pp, ..., Pn with destinations j
(n=29)
I
mL=[g]
B Partitioning the packets into waves Ag,...,A 1 by

destination j so that j mod L = i (for Aj)
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Routing on the MBN

The algorithm - example

output e o [e]
000 001 010 O11 101 110 111
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Routing on the MBN

The algorithm - example

input

output [e ]
000 001 010 O11 101 110 111
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Overview

Routing on the MBN

m The analysis
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The analysis

The phases (even and odd levels):
m Each phase takes O(c) = O(1).
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The analysis

The phases (even and odd levels):
m Each phase takes O(c) = O(1).
B — constant time, because cis constant.

How many phases are necessary for one wave?

m The number of phases until all packets of one wave are at the
outputs.
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The analysis

The number of phases in one wave

Approach
m Suppose t > 0 the number of phases.
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The analysis

The number of phases in one wave

Approach
m Suppose t > 0 the number of phases.

m We will analyze the distribution of packets in the network by
taking snapshots of the network after t phases.

m Let K; be the number of packets after t phasesin level i...

m...and K; the number of packets after t + 1 phasesin level
i.

m Assume b; to be the number of blocked packets after t + 1
phasesin level i ...

m ...and a; the number of active packets (recently sent) after
t + 1 phases in level J.

- K,.’:a,-~|—b,-
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The analysis

The number of phases in one wave

Lemma 5
a) agp = 0 (no packets are sent to level 0)
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The analysis

The number of phases in one wave

Lemma 5
a) agp = 0 (no packets are sent to level 0)
b) aj=Ki_1 —bj_y fori>0: (all packets are sent (active)
to level i except for the blocked packets of level i — 1)
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The analysis
The number of phases in one wave

Lemma 5
a) agp = 0 (no packets are sent to level 0)
b) ai= Ki_y — bj_1 fori>0: (all packets are sent (active)
to level i except for the blocked packets of level i — 1)
c) b < - (Kip1 +K) fori<d-2
d) by_1 = 0: No packets are blocked in the level second to
last.
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The analysis

The number of phases in one wave

Proof of b; < 17 - (Kip1 + Kj) fori<d-2

m Regarding a submultibutterfly-network with m inputs:
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The analysis
The number of phases in one wave

Proof of b; < 17 - (Kip1 + Kj) fori<d-2

m Regarding a submultibutterfly-network with m inputs:
m Each wave constists of approx. 7! packets, so

]
1 mN1 m
E'T’“E';:O"m

packets take the 0- or 1-edge in the («, 3, m, c)-splitter.
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The analysis

The number of phases in one wave

Proof of b; < 717 - (Kiy1 + Kj) fori<d-2

m Let z be the number of blocked packets in round f + 1, so:

z< a-m.
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The analysis

The number of phases in one wave

Proof of b; < (Kipy1 +K;) fori<d-2

ﬁ+1

m Let z be the number of blocked packets in round f + 1, so:

z< a-m.

m Expansion-property of the («, 3, m, ¢)-concentrator: « - z are
blocked by at least 3 - z packets.
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The analysis
The number of phases in one wave

Proof of b; < (Kipy1 +K;) fori<d-2

ﬁ+1

m Let z be the number of blocked packets in round f + 1, so:

z< a-m.

m Expansion-property of the («, 3, m, ¢)-concentrator: « - z are
blocked by at least 3 - z packets.

m Round t + 1: there are at most Kj, 1 + aj1 blocking packets on
level i +1:
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The analysis

The number of phases in one wave

Proof of b; < ﬁ# (Kiy1 + Ki) fori<d-2

B-bi < Kip1 + aitq =b) Kit1 + Ki — b;
=bi-(1+06) <K+ K

1
= b < —— 11 (Kit1 + Ki)

+ 0
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The analysis

The running-time

We will analyze the running time by means of a potential
function argument:

m Suppose w € (0,1).

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 43 /56



The analysis

The running-time

We will analyze the running time by means of a potential
function argument:

m Suppose w € (0,1).
m The potential function after t phases:

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 43 /56



The analysis

The running-time

We will analyze the running time by means of a potential
function argument:

m Suppose w € (0,1).
m The potential function after t phases:

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 43 /56



The analysis

The running-time

We will analyze the running time by means of a potential
function argument:

m Suppose w € (0,1).
m The potential function after t phases:

d—1

¢ =Y (Ki-o).

i=0
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The analysis

The running-time

We will analyze the running time by means of a potential
function argument:

m Suppose w € (0,1).
m The potential function after t phases:

d—1

b= (Ki-w').

i=0

— Packets are weighted depending on their distance to the
outputs.
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The analysis

The running-time

Lemma 6

a) ¢o=

~s
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The running-time

Lemma 6

a) ¢o =7
b) If ¢ < w97, all packets are by the outputs, the wave
completed.
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The analysis

The running-time

Lemma 6

a) ¢o =7
b) If ¢ < w97, all packets are by the outputs, the wave
completed.

C) dti1 < Pt~ (%W‘F W)
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The analysis

The running-time

Proof of Lemma 6 a): ¢ = 7

m At the beginning there are  packets in Level 0, i.e.
Ko=1,Ki = 0fori=1,...,d-1.
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The analysis
The running-time

Proof of Lemma 6 a): ¢ = 7

m At the beginning there are  packets in Level 0, i.e.
Ko=1,Ki = 0fori=1,...,d-1.

Proof of Lemma 6 b): ¢; < w9

m If ¢; < w9 " then ¢; =0 and all K; = 0, i.e. all packets are on level
d at the outputs.
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢;1 < ¢; - (ﬁ%w + W)
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢;1 < ¢; - (ﬁ%w + W)

d—1 d-1
b1 = » KW =) (bi+a)
i=0 i=0
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢;1 < ¢; - (ﬁ%w + W)

d—1 d—1
b1 = » KW =) (bi+a)
i~0 i=0
d—1 '
= bo+ i)) +§ (bi + Ki—1 — bj—1)w'
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢;1 < ¢; - (ﬁ%w + W)

d—1 d—1
G = Y Kuw' =) (bj+a)
i=0 i=0
d—1 '
= bo+ a +) (bi+Kiq—biq)
~ =
= ZK’1W+Zb /+1)_|_bd 1wd1
—_———

>0 =0
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢;1 < ¢; - (ﬁ%w + W)

d—1 d—1
b1 = » KW =) (bi+a)
i=0 i=0
d—1 '
= by+ ag +Z (b,' +Ki_q— b,-_1)w'
=t
= ZK1W+Zb Wit )+ by 1wd1
—_——

>0 =0

ZK' 1w +Zﬁ (Kist + Ki)(w' = ™)

IN
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢, < ¢; - (ﬁ—ﬂw + ﬁ)
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢, < ¢; - (ﬁ—ﬂw + ﬁ)

d-1 g2
. 1 o
. : : +1
< ;1 Ki_jw' + ,-Eo 51 (Kis1 + Ki)(w' —w'™)

IN

= 1 /1
>k (i (52)
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The analysis

The running-time

Proof of Lemma 6 ¢): ¢;,1 < ¢; - (Tﬂw + m) (continued)
a1 1 /1
< Kiw' — ==
2 <w+ﬂ+1 (w w))
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The analysis
The running-time

Proof of Lemma 6 ¢): ¢;,1 < ¢; - (Tﬂw + m) (continued)

[N\
Q.
M
2
E\
N
&
_|_
e
+ —_
N
g|=
|
&
N———
N———
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The analysis
The running-time

Proof of Lemma 6 ¢): ¢;,1 < ¢; - (Tﬂw + ) (continued)

1

B+ w
d-1 1 /1

< Kiw' — ==

< 2kl (o5 (59)

- (- 55) < )

(B 1
= <ﬁ+1°"+(ﬁ+1)w>
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The analysis
The running-time

Proof of Lemma 6 ¢): ¢;,1 < ¢; - (Tﬂw + m) (continued)

 Sorlorgta(-0)
() )

I 1
- o (5 )

. Jf (ﬂ%w + m) <1,¢; converges to 0

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 48 /56



The analysis
The running-time

Proof of Lemma 6 ¢): ¢;,1 < ¢; - (Tﬂw + ) (continued)

1
B+
L 1 1
< 2kl (o5 (59)
1 1
= d’“((“ﬁﬂ)“*(ﬁmw)

I 1
- o (5 )

. Jf (ﬂ%w + m) <1,¢; converges to 0

g

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 48 /56



The analysis
Theorem 7: The running-time

Theorem 7

Suppose an arbitrary 5 > 1, let « and ¢ be chosen, so that there exists
a MBN(d, a, 3, ¢) for any d.

So, the MBN(d, «, 3, ¢) can route arbitrary permutations of n = 29
packets in

O(log n).
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The analysis
Theorem 7: The running-time

Theorem 7
Suppose an arbitrary 5 > 1, let « and ¢ be chosen, so that there exists
a MBN(d, a, 3, ¢) for any d.

So, the MBN(d, «, 3, ¢) can route arbitrary permutations of n = 29
packets in

O(log n).

Proof of Theorem 7

_ B 1
Assume § = mw + Brw

Now we have to choose w € (0,1)and § € (0,1)
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

16} 1
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)
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g
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)

]
(6 + 1w
+1 1

w

B+

Prlws- =0
5 Y3

16(8 + 1 S(B+1)\? 1
S = 2(/6/5)i\/<(ﬁ26)) B

Choose § = %ﬁ = /=~ = 0 = Unique solution.

g
_.I_
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)
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(6 + 1w
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w

B+

Prlws- =0
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16(8 + 1 S(B+1)\? 1
S = 2(/6/5)i\/<(ﬁ26)) B

Choose § = 2% —, | /=- = 0 = Unique solution.
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)

]
(6 + 1w
+1 1

w

B+

Prlws- =0
5 Y3

16(8 + 1 S(B+1)\? 1
S = 2(/6/5)i\/<(ﬁ26)) B

Choose § = %ﬁ = /=~ = 0 = Unique solution.

g
_.I_
-4

16+1 (2V/B) _ 1
L (W) =75
With 5 > 1, w will be less than 1.
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

m At the beginning ¢o = 7.
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

m At the beginning ¢o = 7.
m In every phase, ¢7 decreases, so ¢7 < 7 - 5T,

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 51/56



The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

m At the beginning ¢o = 7.
m In every phase, ¢7 decreases, so ¢7 < 7 - 5T,

m For the first T with ¢7 < w?~': T phases are sufficient for one
wave. (Lemma 6 b))
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

We have to specify min{T | o7 < w9 1}.
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

We have to specify min{T | o7 < w9 1}.

n
z .57- < wd—‘l
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The analysis

Theorem 7: The running-time

Proof of Theorem 7 (continued)

We have to specify min{T | o7 < w9 1}.
g ST < it

a6 < Wit

N
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The analysis

Theorem 7: The running-time
Proof of Theorem 7 (continued)

We have to specify min{T | o7 < w9 1}.
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)

We have to specify min{T | o7 < w9 1}.

noer d—1
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L
a6 < Wit =
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)
So,

r_ {(d — 1)-log (1) +log ()
log (3)

phases are sufficient for one wave.

w ~ 0(d+log(¥)) = Oflogn)
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)
So,

(d — 1)-log (1) +log (7 n
[t n - o

phases are sufficient for one wave.

Since there are L waves, the total running-time is

log n

O(L-log n) = O( > = O(log n).
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The analysis
Theorem 7: The running-time

Proof of Theorem 7 (continued)
So,

(d — 1)-log (1) +log (7 n
[t n - o

phases are sufficient for one wave.

Since there are L waves, the total running-time is

log n

O(L-log n) = O( > = O(log n).

O
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Overview

Routing on the MBN

m Improvements

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 54 /56



Improvements

Improvements

m Eliminating the waves

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 55/ 56



Improvements

Improvements

m Eliminating the waves
m The waves just simplified the analysis of the algorithm.

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 55/ 56



Improvements

Improvements

m Eliminating the waves
m The waves just simplified the analysis of the algorithm.
m Queueing

F. Diebold (Ferienakademie im Sarntal 2008) Deterministic Routing on the MBN Sept. 2008 55/ 56



Improvements

Improvements

m Eliminating the waves

m The waves just simplified the analysis of the algorithm.
m Queueing

m Buffersize > 1
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Conclusion

m The algorithm routes n packets in O(log n).
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Conclusion

m The algorithm routes n packets in O(log n).
m The MBN is a highly fault resistant network.
m Simulations show that the routing on the MBN is very fast.
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